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Introduction 

This article is intended to be an application to the case of toric varieties of the 
ideas developed in my paper where I have studied the problem of computing 
the Gromov-Witten invariants of quotient varieties. 

The quantum cohomology ring of toric varieties was studied in || , where is given 
an explicit formula for the quantum multiplication on Fano toric varieties, and also 
in where the virtual localization technique is used in order to compute genus 
zero invariants of toric varieties. For the higher genus invariants, the combinatorics 
which appears makes the application of the virtual localization formula difficult. 

The aim of this article is less ambitious, we just want to have an as neat as 
possible description of the space of morphisms from a fixed curve into a smooth 
and projective toric variety, provided the degree of these morphisms is sufficiently 
large. We impose the restriction on the degree because it turns out that in this 
case the space of morphisms in question is smooth and has the expected dimension. 
Eventually, we will compute intersection numbers on a certain natural smooth and 
projective compactification of it. As a disclaimer, we should say from the very 
beginning that we do not pretend to describe the stable map compactification a la 
Kontsevich-Manin, which is hard to grasp, but instead what we find is birational 
to an irreducible component of this space of stable maps. 

The article begins with an introductory section whose purpose is that of fix- 
ing the notations and recalling generalities on toric varieties. The study actually 
starts with the second section which treats the problem of compactifying the space 
of morphisms from a smooth and projective curve into a smooth and projective 



toric variety; the conclusions in this direction are contained in proposition 2.2 and 



corollary 2.4. After the description of the generators of the cohomology ring and 
the relations among them, we apply in the last section the localization method for 
computing inters ectio n products on our space of morphisms. The general formula 



given in theorem which is the main result of the present article, has the short- 



coming of being too combinatorial and ther efor e not explicit enough. Neverthless, 



using it we are able to give in proposition 4/7 explicit formulae for certain inter- 
section products on one hand and, on the other hand, to derive in proposition 4^ 
vanishings induced by the primitive collections of the fan defining the toric variety 
we start with. 
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1. Setting up the problem 

Toric varieties are studied in great detail in |j, [?], |hJ, but I shall prefer the 
very nice synthesis of the topic which can be found in the third chapter of ||. 
We are starting with the notations: X = stands for a smooth and projective 
toric variety defined by the fan E C := Hom z (M,R), with M = Z n , whose 
one dimensional faces are denoted E(l); we let r :— #E(1) and I :— r — n. The 
assumptions on X imply that the integral generators of any n-dimensional cone of 
E form a Z-basis of M v . We denote e 1 , . . . , e l , e l+1 , . . . ,e r the integral generators 
of E(l), and we are further assuming that (e i+1 , . . . , e r ) actually generate an n- 
dimensional cone. Since they form a Z-basis of M v , there are integers a* such 
that 

(1.1) e A + a x v e l+v = 0. 

Here we are using the usual summing convention over the indices; in the whole 
paper we let A £ {1, . . . , I}, v £ {1, . . . , n} and p £ {1, . . . , r}. We have the exact 
sequence of tori 

(1.2) 1 — >T^(C*) S(1) — >S — >l, 

where T := Hom^A 1 ^); C) and S := A/ V ® Z C*, which in the basis (e l+1 , ...,e r ) 
takes the form 

(1.3) 1 — >T^{C*) r — >S — >1, 

with the homomorphism e defined by the characters (xp) as follows: 

(1.4) Xx(t) = t x and X i+u{t) = t fi " = t a } ■ . . . ■ tf . 

We should keep in mind that this last description depends on the choice of a n- 
dimcnsional cone of E, and this remark will be used over and over in the paper. 
The homomorphism e induces a T-action on C, and X is simply the quotient 
for this action. More precisely, there is a T-invariant open subset !1 C C whose 
complement Zx ■— C r \ fl has codimension at least two, such that X = Q./T. In 
fact Zx is a union of linear subspaces of C, 

(1.5) Z x =\jA(n), 

7T 

where ir runs over the set of so-called primitive collections of E (see sections 1 and 
2 of Q for definition and proof). 

The generators (e p ) p of E(l) define respectively the divisors (D p ) on X which, 
as elements of A 1 (X), satisfy the linear relations 

(1.6) D l+V - alD x = 0, for all v = 1, . . . , n. 

In this way we get an isomorphism A 1 (X) = Z£>i © • ■ • © ZD;, determined by the 
choice of the n-dimensional cone (e l+1 , . . . , e r ) of E. 

Definition 1.1. For C a smooth and projective curve of genus g, we say that a 
morphism u : C — > X has multi-degree d — (d p ) if d p = D p ■ u*C for p = 1, . . . , r. 

Of course, in definition above the integers d p are not independent but are related 
by di+ v = a^,d\ for all v. 
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The following well-known 'Euler sequence' on X, 

(1.7) — Of — 0(D p ) — > T x — » 0, 

and the Riemann-Roch theorem immediately implies the 

Lemma 1.2. TTie space Mor^C, X) of morphisms from C to X having multi-degree 
d is smooth as soon as d p > 2g — 1 /or all p = 1, . . . ,r. In this case, it is also 
irreducible and has the expected dimension 

(1.8) dim Mord(C, X) = ^ d p - n(g - 1). 

p 

Proof. All the statements are obvious except the one concerning the irreducibility 



of Mor d{C, X) which will be proved in corollary 2A. □ 



As this first section is devoted to set up the stage, let us mention a probably 
well-known gen erality about toric varieties which will be needed in the proof of 



proposition 2.2 



Proposition 1.3. Let X be a smooth and projective toric variety as before. There is 
an ample line bundle A — > C having the properties: 

(i) it linearizes the standard (C*) r -action on C r ; 

(i) the corresponding set of T -semi-stable points is precisely f2 C C r . 

Proof. Since X is projective, there are characters [3 of T such that the associated 
line bundles Ap := fl Xp C — > X are very ample. Sections of Ap can be naturally 
identified with T-equivariant holomorphic functions on Q, and a fortiori on C r 
because Zx = C \ ft has codimension at least two. We say that / : C — » C is 
T-equivariant if 

f(e(t') xz)= f3(t')f(z), W G T and Vz e C\ 

and denote 0(C r )p the (finite dimensional) vector space of such functions. There 
is a natural map 

F : C r — ► C(C r )/3 V , 

z^F(z): (F{z),f)=f(z), 

having the properties: 

• it covers the projective embedding of X defined by the linear system of Ap; 

• F{z) = for all z € Zx and F(z) ^ for all zeSJ; 

• F(e(t') x z) = (3{t')F(z) for all i'eT and z e C. 

In a certain basis of ©(C)^ , the (C*) r -action can be diagonalized, and we denote 
fii, . . . , [Xu the corresponding characters; they have the property that o £ = ft 
for k — 1, ... ,ui. With respect to this basis, we are defining the (C*) r -action on 
P(0(C r )p C), together with a linearization in the standard ample line bundle 
over this projective space as follows: (C*) r acts on 0(C r )p v by the characters 
I, fi^ 1 H2, ■ ■ ■ , l^i 1 P-lu and on the C-term by p^ 1 . Similarly, we let (C*) r act on 
C r+1 = C © C, in the standard fashion on C and trivially on the last component. 
The ample line bundle A — » C we are looking for is obtained by restricting via 

C r a Graph(F) c P(C r C) x P(C(C r ) /3 v © C) 

the natural (tensor product) ample line bundle on the product of these projective 
spaces. After replacing (3 with a sufficiently large power of it, one may check that 
the points (z, 1) x (0, 1), z £ C, are T-unstable, while the points (z, 1) x (y, 1), 
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!/ / 0, are T- semi- stable. Consequently the T-semi-stable set of C r is precisely 

n. □ 



We continue the preparatory material by fixing once for all a point Co S C and 
we consider the Poincare bundle — > 3 x C whose restriction £olax{Co} = Og! for 
d G Z, we define £d := £o ® P r c ^(^Co)- As one expects, 3 denotes the Jacobian 
variety of C and, for all integers d, La parameterizes line bundles of degree d over 
the curve C. 

The topological type of a holomorphic principal T-bundle over C is determined 
by its multi-degree d — (d\, . . . , di); holomorphic principal T-bundles over C with 
fixed multi-degree, are parameterized by the I th power of the Jacobian of C. We 
denote 



3V 



3 l x C 



the universal principal T-bundle parameterizing principal T-bundles over C with 
multi-degree d , trivialized at Co- The bundle 3V is uniquely determined by the 
choice of the Poincare bundles £d above. 

Later on we will see that is useful to consider the principal bundle 



3 r xC 



which parameterizes (C*) r -bundles over C having multi-degree d — (d\, . . . , d r 
For 



(1.9) 



tp : 8 l — > d r defined by 

(L\, . . .,Li) i — > (Li, . . . , Li,a^Lx, . . . , a^Lx), 



we get the commutative diagram 



(1.10) 



3V x £ (C*) r = V*^ 



Shortly, the reason for introducing this new ingredient is that for writing the left- 
hand-side of ( l.lOj ) we have chosen a cone of S, while the right-hand-side is sym- 
metric, the information on the structure of £ being encoded in the map tjj. 



2. Description of the space of morphisms 

All the subsequent constructions are motivated by the following very simple 
remark: given a morphism u : C — > X having multi-degree d, the pull-back P := 
u*fl — > C is a holomorphic principal T-bundle whose multi-degree is d! (this is easy 
to see). The morphism C = P/T — > P x^ C r is just a section of a rank r vector 
bundle over C in which the torus T still acts, covering the identity of C. Any two 
sections which are in the same T-orbit give rise to the same morphism from C into 
X (some care is actually required at this point). This is the sort of correspondence 
which will be exploited in this section. The inequalities d p > 2g — 1 appearing in 



lemma 1.2 will be assumed in the rest of the paper. 
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We start with the vector bundles associated to (1.1C) 



(2.1) 3V x T C = f(3»ix (c , r C) x (c . r C = © p £ p 



3 l xC »■ 3 r x C, 



and notice that ip*& p = ? d > x Xp C =: J2? p (the characters \p are defined by (1.4)) 
Taking the direct images 

(2.2) r = e p ^ p :=p*(® p jS? p ) =i>*W ^W = ® p W p :=p*{® p H p ) 



3 r , 



we recognize in W p the Picard vector bundles associated respectively to the Poincare 
bundles L p ; the rank of W is given by the formula 



rk^ = Vdp-rfg-l) 



The action of T on C r induces actions on © p Jzf p and ® p £ p covering respectively 
the identities of S l X C and 3 r xC and, a fortiori, there are natural T-actions on 'f 
and which cover respectively the identities of 3 l and 3 r and moreover preserve 
the decompositions f = ® P V P and W = ® p W p . 

The remark at the beginning of this section tells that the space of morphisms 
from C to X should be the quotient '^/T'. Of course, this should not be taken 
ad litteram but in the spirit of geometric invariant theory. What we shall actually 
construct is the quotient of W for the T-action, and ~f //T will be just its pull-back 
by ip- 

One can spot at the first glance a 'nice' Zariski open subset of W on which T 
acts freely 

(2.3) W° := {seW\ Images £ x (c , r Z x }. 

As the closed subvariety Zx C C which had to be 'thrown away' for obtaining X 
was a union of coordinate subspaces, 

(2.4) Z w :=T(C,7aX(cr Z x ) = [jT(C,1>dX (c , r A(tt)) 

7T 

is still a union of subvector bundles of W ', and W° = W\ Zw Even if T is acting 
freely on W, it is possibly not so clear that the quotient W° /T exists as a complex 
manifold. 

Lemma 2.1. W /T has a natural structure of a Hausdorff complex analytic variety. 

Proof. As expected, we put on W° /T the final topology for the projection W° — > 
W/T; we must prove that the quotient is Hausdorff when we consider on W the 
analytic topology given by small balls. For two sections s, s' <E W° lying over the 
same point in 3 r , which are not in the same T-orbit, we want to prove that there 
are neighborhoods U 3 s and U' 3 s' such that TU n TU' = (when s and s' lie 
above two different points of 3 r everything is clear). From the very definition of 
W° we deduce that 

s C: s'en, VCeC°, 
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with C \ C° a finite set. We are distinguishing two cases: 

Case (1) When there is a point £ G C° such that and are not in the same 
T-orbit in f2, the existence of the two disjoint T-invariant neighborhoods of s and 
s' is immediate; 

Case (2) It might happen that for any ( e C°, the evaluations s<j and are in the 
same T-orbit (such a situation does appear in the simple case when we projectivize 
the space of sections of a line bundle). In this case, since T acts freely on fi, there 
is a morphism r : C° — > T such that s'^ = tq ■ sq. If there are no neighborhoods U 
and W as wanted, we deduce the existence of sequences {sk) k C W and {tk) k C T 

such that Sfe s and t k ■ Sk - — ► s', where the norm | • || on #^ is defined by 

INI : = max||s c ||. 

Let us fix a closed disk A € C° . For positive e, there is a rank fc e such that for 

s kX S ft, VC e A and ||s£ - i fc • s fe || < e. 

It follows that • — t& • Sk,(\ < f, V( £ A, which in turn implies that \s£ — 
t ^tk • s fc,c I < e for a possibly different choice of e (this is because we have restricted 
ourselves to the compact A). Since for £ £ A the s^'s take values in f2, we deduce 
that tk k ^°°) 7£ for all ( £ A; but this means that r : C° — > T is constant when 
restricted to A and consequently is constant everywhere. We conclude that s and 
s' are in the same T-orbit in W, which contradicts our assumption. □ 

This lemma solves the problem of the T-action on W, but one would like to 
work with compact manifolds, and no one guarantees that W/T is so. The purpose 
of the next proposition is to prove that W° /T is actually a projective, and not just 
an analytic variety. 

Proposition 2.2. The T-action on W can be linearized in an ample line bundle over 
it, such that the semi-stable set for this action coincides with W° defined by ( |2.3| ). 
Moreover, the invariant quotient W := W //T is a smooth and projective variety of 
dimension 

dim W = ^2 d P 

+ n. 



Proof. According to proposition 1.3 there is an ample line bundle on A — > C which 
linearizes the (C*) r -action on C, such that the corresponding T-semi-stable set is 
f2, and consequently X — C r //T. This one induces the relatively ample line bundle 

A := Td X(c*) r A—f^d X(c*) r C r , 

and the action of T is still linearized in A. Tensoring A with a sufficiently ample 
line bundle on f x C we obtain an ample line bundle on 3^ X(c*) r C r , together 
with a linearization of the T-action in it, which has the additional property that 
the T-semi-stable locus is precisely fd x (c*) r ^- Identifying W = x (c*) r C r ) 

with the space of morphisms from C into X(c*y C r which represent the class of a 
section, we find ourselves in the situation studied in section 2 of || , where is shown 
that in this case is possible to linearize (rather canonically) the T-action on W in an 
ample line bundle such that the corresponding semi-stable points have the property 
that their image is not completely contained in the unstable locus of fd X(C*) r C r 
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(according to corollary 2.4 loc.cit.). Denoting W the set of T-semi-stable points 
of W, we have found that W s C W°. 

We want to prove now that W = W s /T is projective; quasi-projectivity comes 
for free from the very construction, so that remains to prove the compactness 
(completeness). Since the T-action on W covers the identity of 3 r , W s /T comes 
with the projection 

q:W s /T >d r . 

The first claim is that this map is surjective: indeed, according to theorem 2.5 in 
|U, points s £W whose image is contained in Td Xrc*) r ^ are T-semi-stable. Since 
the 'bad' set Zx C C has codimension at least two and because the line bundles 
L p are globally generated, we deduce that for any j G 3 r there is a section s G 
r(C, Td X(c*) r ^ r li) having the property that its image is disjoint from !Px( C ,)r Zx- 
This proves the claim. 

Consequently is enough to prove the compactness of the fibres of the projection 
q. The following lemma describes the fibrewise situation. 

Lemma 2.3. Suppose we are given a torus action on C r as described at the beginning 
of section [J, so that the quotient is a smooth and projective toric variety. Let us 
consider now the action T x <C R — > C R , where 



: r ._ C JVi e . . . 



and the torus T acts on the direct summands of C R respectively by the same char- 
acters {Xp) p as 011 C- r - Then the quotient is a smooth, compact toric variety. 

Proof. The compactness of the quotient can be easily seen using the moment map 
description of toric varieties. In coordinates, the moment map corresponding to the 
T-action on C is (see section 3.3 in ||): 

( \z^\ 2 + al\z l +-\ 2 \ 

(2.5) m:C n+l — ► R l , m(z) = - 



\ \z l \ +al\z l+v \ J 
Then X can be described as X = to _1 (o)/Tr for (a well chosen) a e 



, where 



Tr = (S 1 ) 1 denotes the real torus. Since X is compact, m^ 1 (a) is still compact and 
Tr acts freely on it. 

Let us move now to the new situation and denote zf the points of C Np . The 
moment map in this case has the form 

/ \z}\ 2 + al\z!+»f \ 
(2.6) : C R — > R l , JZ{z) = i : 

and we want to prove that the quotient Y := ^# _1 (a)/TR is smooth and compact. 
It is easy to see that the maps 

m^ia) 3 (z\ ...,z r )^ (Iz 1 !, . . . , \z r \) G M r 

and 

M~ x {a) 3 {z\...,z r ) i—> {\z l \,...,\z r \) GM r . 

have the same image, which is compact since to -1 (a) is so. The compactness of 
./# _1 (a) is implied now by the compactness of standard spheres. The action of Tr 



s 
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on ^# _1 (a) is free because for any point z_ Q which solves the equation ^{z) = a, is 
possible to find a (C*) r -equivariant embedding C r <— > C R which pass through z G . 
The conclusion follows now from the fact that Tr acts freely on m~ 1 (a). □ 

Coming back to our proposition, we deduce from the lemma that the fibres of q 
are smooth and compact toric varieties, all isomorphic to Y = ^# _1 (a)/TR. Since 
W s /T is quasi-projective, it follows that Y is actually projective and so is the 
invariant quotient W — W s /T. 

Remains to prove that W s = W°: the natural inclusion W s /T <-> W° /T being 
an open map, its image is both open and closed in W JT, so that W s /T = W° /T 
and therefore W s = W°. □ 

According to ( |2.6| ), the moment map induced by the T^-action on W is given by 
l{\s\f + al\s[ + "\ 2 y 1 (Q\ 

(2.7) J({s) = ~ 



c 

|a ! I 2 _l „' J -n 

C ' 



= / w(s c )d7(C), 



c 



\ / (141+^14^1 )d 7 (C) j 



where s — (s p ) p G W and d"f denotes a volume form on C. This formula is in 
agreement with the computations done in section 3 of ||, namely with equation 
(3.3) in there. Actually this is the reason why we consider the level set = a} C 
W, and not another one, for describing the invariant quotient W //T. 

We recall now that what we are actually interested in is a compactification of 
the space Mor^C, X). The reason for introducing the variety W was to have a 
'symmetric object' in our hands, in the sense that it does not depend on the choice 
of some particular cone of S. The compactification we are looking for is V := "V jjT 



(see (2.2)), which can be now easily described as V = ip*W — d l Xgr W. It is a 
fibre space over 3 l , with all the fibres isomorphic to the toric variety Y constructed 
in lemma |2.3|. We collect this information in the 



Corollary 2. A. The space of morphisms Mor^C, X) is irreducible and the variety 
V := ?p*W is a smooth and projective compactification of it. 

Now becomes clear our statement in the introduction, that V is definitely not 
the stable map compactification of the space of morphisms from C to X, but is 
only birational to an irreducible component of this later. Indeed, the space of 
stable maps whose stabilized domain is C contains, when g > 2, the component 
whose points correspond to the following morphisms: the domain of definition is 
the singular curve consisting of C with P 1 attached at some point; the map is 
constant on C and has multi-degree d on P 1 . Is also true that this component has 
strictly larger dimension than the expected one, and therefore is not clear how does 
it contribute to the Gromov-Wittcn invariants. 

3. COHOMOLOGY OF THE SPACE OF MORPHISMS 

Since the projection q : W — > 3 r is a fibre bundle, the Leray-Hirsch theorem 
says that the cohomology of W is generated by the the cohomology of 3 r and the 
cohomology of the fibre Y (a similar remark applies to q : V — * 3 1 )- Let us define 
now the line bundles 

(3.1) A p := W° x Xp C — W, Vp=l,...,r. 
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on W. The interest comes from the fact that there is a rational evaluation map 

(3.2) ev : V x C — --► X, 

and the ijj* A p 's coincide respectively with the pull-backs under ev of the line bundles 
0(D P ) on X, at least on the domain of definition of ev. Since the classes D p generate 
the cohomology of X, we may hope that integrals as J v Y[ p (ip*A p ) mp are related to 
cnumerative invariants of X. Morally, they should count the number of morphisms 
from C to X satisfying certain incidence conditions. 

Proposition 3.1. The integral cohomology ofW is generated as a ring by the integral 
cohomology of 3 r and the classes A±, . . . , A r . 

Proof. The statement follows from the fact that when restricted to the fibres of q, 
the classes Ai, . . . , A r generate the integral cohomology ring of Y (recall that Y is 
a toric variety). □ 

For making computations, we must find the relations among the classes A p . The 
obvious relations are the linear ones like 

(3.3) A/ +1 , = a*A\ 7 Vi/€{l,...,n}. 

and the others corresponding to the remaining n-dimensional cones of S. In analogy 
with the case of toric varieties, we are going to describe the non-linear relations 
among the A p 's which arise from the primitive collections of S. We start noticing 
that the 'bad' sets which must be removed for constructing the quotients X and 
W behave in a rather functorial way: indeed, according to ( |2.4| ) 

Zw = r(C, Td X(c*) r %x ) = |Jr(c,y<*x (c . r a(tt)), 

7T 

which is a union of linear subvector bundles of W\ as usual, 7r C {1, . . . , r} runs 
over the primitive collections of the fan defining X. This means that the primitive 
collections of W, more precisely the primitive collections of the fan defining the 
toric fibre Y of q : W — » 3 r , are simply ker(pr T ), for pi\ : W — ► ® p ^W p . We 
deduce that for any primitive collection tt of the fan defining X , 



(3.4) f Y TT A^ = 0, for N p := rk W p = d p - (g - 1) 




However, we would like to have expressions for the products Il^eir ^-p 9 as e ^ e " 
ments of H* (W) = H*(3 r ) ® H*(Y). To begin with, we observe that for each p 
there is a sheaf monomorphism 

-> Ap 1 -> q*W p given by [s, z] i — > z pr p s, Vs e W° and Vz € C. 

Equivalently, one can say that for each p there is a canonical non-zero section 
— > Ow — > q*^p ® A p . From the description of Zw it follows that for every 
primitive collection n, 

(3.5) 0^O w ^®q*W p ®A p 

is a monomorphism of vector bundles, and consequently 

Proposition 3.2. For any primitive collection tt of the fan defining X , the Euler 
class 

e(® p ^q*W p (it)A p ) = 0. 
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The vanishing (3.4) is an immediate consequence, and when X is a projective 
space, so that W — proposition 3.2 reduces to the standard Grothendieck 

relation for Op(^n(l) — ► W . It is probably true that the linear relations (3.3) and 
the non-linear ones in proposition 3.2 generate the ideal of all the relations among 
the A„'s. 



4. Localization 

In this section we will apply the localization method developed in |0| for com- 
puting intersection products of the A p 's on W, the ultimate goal being to compute 
intersection numbers on V. We will apply the localization formula in cohomology 
with respect to the action of the torus S defined by the exact sequence (fh^) . 

First of all we have to make explicit the S-action on W and to describe the 
corresponding fixed point set W s . Since Zy/ defined by (2.4) is (C*) r -invariant, 
its complement W° is still (C*) r -invariant and therefore S = (C*) r /T acts on 
W = W° /T and moreover the evaluation map (3.2) is S-equivariant. This remark 
implies that if [s] G W s , then for all £ G C such that s(Q $ Z w , evt s ](() £ X s . 
But X s consists of finitely many points: they correspond in a bijective fashion to 
the n-dimensional cones of £ and their number equals the Euler characteristic of 
X. For x G X s , we shall denote o~ n (x) the corresponding n-dimensional cone of 
S, and by O x C C r the closure of the T-orbit above x. In fact O x is the linear 
/-dimensional subspace of <C r defined by the equations 

O x = {z p = 0\pe a n {x)}. 

Our discussion implies that for any [s] G W the image of the evaluation ev^ is a 
point x G X s , and this in turn means that s G T(C, Vd x (c*) r O x ). What we have 
obtained so far is that 

rS 



W* c (J r(C,TrfX (C . r O m )°/T=: (J W(x), 
xex s xex s 
and our goal is to show that this inclusion is in fact an equality. 

We are going to check that the component T(C, CP^ X( C *y O xo )°/T is fixed by 
S, for xq £ X s the point corresponding to the cone <J n (xo) = ( e i+i, • • • < e r) of S. 



With respect to this choice of coordinates, the T-action on C is given by (1.4) and 



+ l! ■ 



[h, 

for t' — (ti, . . . ,ti). Now is clear that any point [s] G W(xq) is fixed because 
O xo = {zP = | p = I + l,...,n}, so that W(x ) C W s . But we could have 
described the action of T on C r using the coordinates furnished by any other n- 
dimcnsional cone of S and the conclusion would have been the same. 

Proposition 4.1. The fixed point set of the S -action on W is 

W s = |J W(x), withW(x) -TiC^x^y O x )°/T. 

xex s 

Moreover, for any x G X s , W(x) is defined by the fibre product 

w(x) — ^n^, w PTO 



n 
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Before proceeding we notice that the W(x)'s are smooth and disjoint subvarieties 
of W, which is in agreement with the general result obtained in 0|. 

Proof. The first part of the proposition being already proved, we are left with 
the second claim. Again, we are going to check it only for xq £ X s , the general 
statement coming from the symmetry of the problem. We observe that Zx H O xo = 



O xo \ O xo 
Therefore 



0} n O xo ), because O xo is the locus where T acts freely. 



r(c,Td x (C . r o XQ )° = v{c,7d X(C .)r o IO )\r(c,JjX (c . r (z x n o Xo )) 

=nU^A\nU{s|pr^ s =o}, 

and the statement follows because T = (C*) acts componentwise. 



□ 



From the proposition we see that no matter what W looks like, its fixed point 
set for the torus action has a very down-to-earth description. A first byproduct is 
an explicit formula for the Euler number of the fibre Y. 



Corollary 4.2. 



xOO =zZU n p 



Proof. This equality is just a rewriting of the main result in ||, but it can be 
proved in a more elementary way as follows: Y being a toric variety, its Euler 
characteristic coincides with the number fixed points under the (C*) R /T- action. 
Since this big torus contains 5, the fixed point set is contained in the union of the 
S'-fixed subvarieties. But fibrewise these are just products of projective spaces on 



which (C*) acts in standard fashion. 



□ 



For applying the localization formula we must know the action of S on the normal 
bundles to the fixed subvarieties. 

Lemma 4.3. For any x S X s , the normal bundle of the fixed component W(x) of 
W fits in the following diagram: 

(4.1) 





O(CieT) 







q*W p ® A, 



■ T 



O(CieT) 



T, 



W/3 r 



e 



p£<r„(a;) 



q*W p ® A p 



ISL := N 



W(x)\W 
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For the trivial action of S on W p and for the action 
S x A„ — > Ap given by 

(4.2) 

[t] x [s,a] :— [t x s,t p a], V [t ] G S and [s,a] G A p , 
all the homomorphisms in the diagram above are S-equivariant. 

Proof. Since W° — ► W is a principal T-bundle, we have the following S'-equivariant 
exact sequence on W 

(4.3) — 0{Cie T) — Tj^ /a , — > T w/a . — 0, 

where T^l/gr denotes the S'-invariant relative tangent bundle to the total space of 
W . But W° is an open subset in a vector bundle over d r , so that the relative 
tangent bundle is canonically isomorphic to Q*W — ® P Q*W P , for Q : W — > d r the 
projection. As T preserves the decomposition of W , 

r 

T™ /r ~ Q*W/T = Q*W P /T. 

p=X 

We observe now that Q*W P /T = q*W p ® A p , the isomorphism being given by 

(4.4) [s,w p ]\ — >w p ®[s,l}. 



This proves the exactness of the middle row in the diagram (4.1). A similar argu- 
ment proves the exactness of the first horizontal sequence, and the last row is now 
a simple consequence. 

The very important th ing which must be clarified yet is the way how S acts on 
q*W p ®K p . The sequence (4.3) being ff-equi va rian t, we have to describe the induced 
action on q*W p ® A p under the isomorphism (4.4). For [t] S S, 

[t] x [s, w p ] — [t x s, t p Wp] i — > t p w p ® [t x s, 1] = w p <g) [t x s, t p ], 

so that we can see that indeed the S-action on W p is trivial while the action on A p 



is as in fl4.2j ). □ 

The next step is the computation of the equivariant first Chern classes for the 
restrictions of A p to the fixed components W(x). Before proceeding we notice that 
since S = M v ®z C*, there is a natural ring isomorphism H*(BS) = Sym'M, 
where BS denotes as usual the classifying space for S. 

Lemma, 4.4. Forx £ X s , denote (u p (x)) perj C M the dual basis to (e p ) p£cr ^ C 
M v formed by the integral generators of a n (x) . Then 

c f ( a pIw(x)) = &p\w(x) + Up(x), V/)6 cr n (x), 

cf{A-p\w(x)) = A-p\w(x)> Vp^O-n(x). 

Proof. It is clear that cf(A p \ w ^) — A p \ w ^ + u, for some u G H*(BS), and this 
element is precisely the weight of the action of S on the stalk A p | [ s ] at some point 
[s] G W(x). Again, we shall make the computations for xq only: in this case the 

assignment (r;+i, . . . , r r ) i— > [1, . . . , 1, t; + i, . . . , r r ] gives an isomorphism (C*) n S 
and is easy to see that 

I trivially, for p — 1, ... ,1 i.e. p o~ n (xo), 
by Tp, for p = I + 1, . . . ,r i.e. p G cr n (xo)- 



(C*)™ acts on A 
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A short computation shows that the above isomorphism is induced precisely by the 
choice of the dual basis to (e l+1 , . . . , e r ), and the conclusion follows. □ 

We are finally in position to apply the localization formula for computing in- 
tersection numbers. For positive integers mi, . . . , m r , we want is to compute the 
push-forward q„ (A™ 1 • . . . • A" 1 ' ) e H* (3 r ); for shorthand, we write <f> for this product 
so that we must compute q„4>. The case of interest for us is when 

mi H h to,. = dim V = Ni H h N r + l(g - 1). 

We denote e(N x ) the equivariant Euler characteristic of N x — > W(x) and let <f> to 
be the equivariant analog of 4>. If j x : W(x) W is the inclusion, the localization 
formula for 6 reads 



= E w*i 



Since S acts trivially on # r , composing with the projection q : W —> 3 r we obtain 
(4.5) qj = E fe)*^ G ^ (3r) = H * (jB,S) ® ^* (n 

xGX a 



for :— q o j Xl so that q^cj) is the H*(BS)-hee term in <7*<^. Lemmas 4.3 and 4.4 
imply that 

g2 



5(Nx)= II ((u P (x)+A P ) N ^e p (u p ( X )+A p )^- 1 +^(u p (x)+A p y 
N =" LI M*)+A^-exp(- : 



M p (a:) + A p J ' 



where we are using the fact (see for instance page 336 in [jlj) that the total Chern 
class of the Picard bundle W p — > 3 is c(W p ) — exp(— 9 p ), with 9 p the class of the 
theta divisor (the lower index p indicates that we are on the p th copy of d in 3 r )- 
As a consequence, 

n a 7 p - n w*)+Ap) mp 



(4.6) s(N:c) n ^^ +A ^" p - ex p(-^fer 

= n A p ip - n M^+Apr^-exp 

p^(7 rl (x) p£(T„(l) 



ttp(x) + Ap 

Plugging this into equality ( |4.5| ) we find the formula for the push forward of the 
class </>. 

Theorem 4.5. For any positive integers m p , q„ (A™ 1 • . . . • A™ r ) is the constant term 
of the polynomial 



(4-7) E 



J] J] K(.x)+A p r^-exp , 

P0<r„(x) p£ CT „(x) V m pW+ a p, 
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It is certainly not apparent that this sum is a polynomial expression in the formal 
variables u p (xq) =: u p , and computi ng i ts constant term is not an easy task (we 
must chose a basis of M for writing (4.7) as an element of Sym*M, and xo E X is 
already our favorite fixed point in X). In most cases it is not true that the constant 
term of the whole sum is the sum of the individual constant terms. The question we 
are going to discuss is how to apply the result in concrete situations? Expanding 



the terms in (4.7) is a straightforward computation, but requires a little patience. 
Lemma 4.6. For p > 0. 



(u + A) p exp 



u + A 



E 

0<fc<p 
0<k 



0<a<k 



E 

a< 

E c-d 

0<f)<fc 



P- a \ K k- a V_ 
k — a/ a! 



k-b 



k-b 



k-b) 0+1 + 6)! 



,fc+i ■ 



while for p > \, 



(u + A)' 



■ exp 



A 



E 

0<fe 



E (-u 



0<b<fe 



k _ h f P +k-l\ k _ b (P 
k-b bl 



,p+k ' 



The lemma implies that the expression (4.7) is a sum of rational functions, 
which arc quotients of homogeneous polynomials in the m p (x)'s. Its constant term 
is obtained by adding the functions having total degree zero (the total degree is the 
difference between the degrees of the nominator and the denominator). 

For every x E X s , the coefficients of these functions are products in A. p \yy( x )i 
and their push- forward by q x can be easily computed because, for p o~ n (x), the 
restriction of A p | vv(sc) is simply (the pull-back of) the usual relatively ample line 
bundle Op(#- p )(l) — ► P(W P ) while the remaining line bundles A p \ W ( x ), p E a n (x), 
are linear combinations of the previous ones (see equation ( fr.3| )). 

The integrals which appear are of the type (q x )* (Y\ P ^a n (x) ^p P ) > anc ^ ^ s quite 
known that 



(4.8) 



(Qx) 



n a 




-N p + 1 



{k p - N p - 




l<k p <N p + g-lVp, 
otherwise. 



Now we recall that we are actually interested in computing integrals on V , the 
compactification of the space Mor^(C, X), so that we must pull-back to d l the class 
q*0 E H*(3 r ), using the morphism ip defined by ( |l.9|) . But ip is explicitely given in 
terms of the combinatorics of the fan S. 



The difficulty in applying formula (4.7) relies in the fact that we are not allowed 
to set to zero the variables {u p (x)} . However, as we will see in a moment, for 
special choices of the exponents (m p ) this is possible, and in this cases we obtain 
very explicit formulae for the corresponding intersection products. 
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Let us consider positive integers a±, ...,a r with the property that a\ + . . . + 
a r _i — a r — and take 

^ ^ m p — N p + g + a p = d p + 1 + a p , for p = 1, . . . , i — 1, and 

m r = N r — (n — l)g — I — a r = d r — ng — (I + a r — 1). 

Of course, such a choice is possible only when d r is large enough for m r to be 
positive. For such a choice, the total degree of the functions which appear in the 
products corresponding to the fixed points x G X s with r G a n (x) is strictly 
negative; therefore these terms do not contribute to the intersection product. On 
the other hand, the products corresponding to x 6 X s with r $ <J n (x) are honest 
polynomials, so that we are allowed to set the variables to zero. 



Proposition 4.7. For integers (rn p ) p as in (4.9) 



-N„ 



Qb 



n a ™ p n e w- n '-*% 

Ptfn(x) pe<T n (x) V 6=0 



Analogous formulae can be obtained for any other k G {1, . . . ,r} or, when it is 
possible, by taking several fc's such that m/. — < in a suitable way. 

We conclude this section with a vanishing result, which is a direct consequence 



of theorem 4.5 



Proposition 4.8. Consider J C S(l) such that the vectors (e p ) pe j do not generate 
a cone of S (#ie primitive collections are the smallest subsets of E(l) wii/i i/us 
property). If (rn p ) are positive integers such that m p > N p + g for all p £ J f/ien 



A" 11 • . . . • A™" = 0. 



Proof. Indeed, for such a set C\ peJ D p = and consequently J \ cr n (x) ^ for any 
x £ X s (otherwise x G Plpej-^pj a contradiction). The conclusion follows now 
from the relations (|4.8|). □ 



We should point out that it is not always possible to chose integers with the 
property above: examples in this sense are the projective spaces. On the other 
hand, when there are primitive collections with less than I = rankT elements, 
there are integers having the desired property. 

The conclusion of this article is that we were able to translate the integration 
problem on the space of morphisms from the curve C into the toric variety X in 
an integration problem on a power of the Picard torus of C . Interestingly enough, 
these integrals depend only on the combinatorics of the fan defining X and on the 
theta classes of the Picard varieties. 
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